I. Introduction
We start with an example from complex analysis. Let D be the unit disk in the complex plane C. An isometry of D is a continuous, distance-preserving map from D to D. All analytic isometries of D are rotations and preserve the complex norm. They are parameterized in a natural way by R/Z, with t ∈ R/Z corresponding to the rotation ρ t : z → ze 2πit . The quotient topology on R/Z makes the isometries into a continuous family, since for all z ∈ D, lim t→t 0 ρ t (z) = ρ t 0 (z). The fixed point set of this family is uninteresting, since a nontrivial rotation fixes only the origin. A more interesting set of fixed points is provided by the larger family of analytic automorphisms of D. By Schwarz's Lemma, this family is continuously parameterized by R/Z×D, with (t, z 0 ) corresponding to the Möbius transformation z → e 2πit z 0 −z 1−z 0 z . A direct computation shows that an analytic automorphism has either one interior fixed point or one boundary fixed point or two boundary fixed points. This paper grew from an interest in the fixed points on the p-adic unit disk Z p . Let p be a prime, and let Z p denote the additive group of p-adic integers. There is a continuous family of norm-preserving isometries [X] q : Z p −→ Z p parameterized by the elements q of the topological group B(1, p −1/(p−1) ), which is 1 + pZ p if p is odd, and 1 + 4Z 2 if p = 2. The function [X] q is called the q-bracket, and it is an interpolation to Z p of the arithmetic function on N ∪ {0} given by
[n] q = 1 + q + q 2 + · · · + q n−1 .
The q-bracket is also known as the q-analog (or q-extension) of the identity function, and its values are q-numbers. It is the canonical 1-cocycle [X] q ∈ Z 1 (Z p , Z p ) sending 1 to 1, where Z p is viewed as a Z p -module via the action 1 * 1 = q. Since q is in B(1, p −1/(p−1) ), we have [X] q ∈ Z 1 (Z p , Z p ) and [X] q (mod p n ) ∈ Z 1 (Z/p n , Z/p n ). Our results show that if p = 3, or if q ≡ 1 (mod p 2 ), then [X] q has only the "trivial" fixed points 0 and 1 in Z p . However, if p = 3, q ≡ 1 (mod 3), and q ≡ 1 (mod 9), then [X] q has a unique nontrivial fixed point in Z 3 for all q. For example, if p = 3 and q = 4, then −1/2 is the nontrivial fixed point of [X] q when q = 4: [−1/2] 4 = −1/2. The admissible q in B(1, 3 −1/2 ) form two (disjoint) balls, B(4, 3 −1 ) and B(7, 3 −1 ), the set of nontrivial fixed points x for these q respectively form the two balls B(1, 1) and B(0, 1), and the map Q(X) taking x to q is a bijective analytic contraction by the factor 3.
It turns out to be easier to analyze our problem in the following more general context. Let C p denote the p-adic complex numbers. Write | − | for the metric on C p , and
As above, the q-bracket is an interpolation to O p of the q-number function on N, 
, and this map is a (bijective) contraction if and only if the residuex has multiplicity one in the fiber over q, if and only ifx is not a root of the polynomial A (1) p−2 (X), i.e., if and only if |A
For a reference on the basic concepts, see the beautiful book [G] by Gouvêa. The study of q-functions for a general variable q tending to 1 is old, and the study of q-numbers and q-identities goes back at least to Jackson in [J] . In [F] Fray proved p-adic q-analogs of theorems of Legendre, Kummer, and Lucas on q-binomial coefficients. The structure of the space of continuous functions C(K, Q p ), where K is a local field, was studied by Dieudonné in [D] , and Mahler constructed an explicit basis for this space in [M] . In [C] Conrad proved that the set of q-binomial coefficients (which includes the q-identity function) forms a basis for C(Z p , Z p ). Isometries on Z p or on locally compact connected one-dimensional abelian groups were studied in [A] , [B] , and [Su] .
II. Results
Notation. The letters q, u, and x will always denote elements of B(1, p −1/(p−1) ), O * p , and O p , respectively, and the first two will frequently be related by q = 1 + p m 0 u, where m 0 = v(q − 1) > 1/(p − 1). The capitals Q, U , and X will denote coordinate functions defined on these sets, related to each other in a similar manner.
Proof. This is clear for q = 1, so assume q = 1. [X] q is the composition of analytic isomorphisms
a dilation by |q − 1|, an isometry, and a contraction by |q − 1|. Tracing through the maps shows that [X] q preserves the norm.
Since [X] q is an isometry of the p-adic unit disk onto itself, the notion of a fixed point makes sense. Set
). We call these solutions trivial and define the set of nontrivial fixed points
. [Se, Chapter III, Section 11] , and there is an analytic function Q(x) such that (x , Q(x )) ∈ M in a neighborhood of (x, q) by the p-adic implicit function theorem. Directly from the definition of f ,
.
By the power series expression for g we have g(X, 1) = 1/2, so in particular if (x, q) ∈ M , then q = 1; hence (g/(Q − 1))(x, q) = 0, and hence
n . This has (nonzero) value log q/(q−1)
at X = 1, and if X = 1, then it is nonzero since [X − 1] q preserves the norm in O p by Proposition 1. We conclude that
) be the projections, and let M q = φ −1 2 (q) denote the fiber of φ 2 over q. We identify M q with φ 1 (M q ), which is the set of nontrivial fixed points of [X] q .
This series converges on O p . Note that since c 2 is nonzero, any fixed point can have a maximum multiplicity of two.
By the p-adic Weierstrass preparation theorem [G, Theorem 6.2.6 ], the number of zeros of
}, counting multiplicities. Since {0, 1} are both zeros, we know that N ≥ 2, and since M excludes these solutions, M q has cardinality N − 2. We compute
where s p (n) is the sum of the coefficients of the p-adic expansion of n. It is easy to see that v(c n ) > v(c p ) whenever n > p, and
hence N = p, and hence M q has cardinality p − 2, counting multiplicities. We conclude that φ 2 has degree p − 2 for 1/(p − 1) < m 0 ≤ 1/(p − 2). Set A 0 (X) = 1, and for n > 0, set
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Proposition 4. Suppose p = 2. Then φ 1 has degree p − 2, and
Proof. We use Series B with
and from this we get
If this series has a solution
U = u ∈ O * p , then p = 2 and 1/(p − 2) ≥ m 0 > 1/(p − 1) by Proposition 3. If n > p−2 and m 0 > 1/(p−1), then using the fact that A p−2 (X) divides A n (X), we easily compute v(d n ) − v(d p−2 ) > 0: v(d n ) − v(d p−2 ) = v(A n (x)) − v(A p−2 (x)) + (n − (p − 2))m 0 + 1 + s p (n + 2) − (n + 2) p − 1 > v(A n (x)) − v(A p−2 (x)) + s p (n + 2) − 1 p − 1 ≥ 0.
Thus the Weierstrass polynomial has nonzero degree if and only if
, in which case the degree is p − 2. For a given x this holds for some m 0 in the range 1
, and let M q denote the set of residues of the elements φ 1 (φ (x, q) ) by [G, Corollary 6.4 .11]; hence there is at most one x ∈ M q with any given residue and Card (M q 
, and the Newton polygon for Series A shows there are at most two zeros with residuex, using ( * ) and [G, Corollary 6.4.11] . Suppose [X] q has fixed points x, x , and x , such that x = x andx =x =x . We compute c 1 ( 1 (x , q) − c 1 (x, q) ) = m 0 . Since x = x andx =x , we have v (c 1 (x, q) ) > m 0 by the Newton polygon, and it follows that v(c 1 (x , q)) = m 0 , so that x is the only fixed point with residuex . Thus there are at most two points in M q with the same residue; hence Card(M q ) ≥ p − 3. The last statement is immediate.
Remark. If 0 or 1 is in M q , then |M q | = p − 2, since these are also trivial fixed points. By Proposition 4 and Proposition 5, we compute
where the left union corresponds to v(q−1) = 1/(p−2), the right union to v(q−1) < 1/(p − 2). Note that a rational integer may be a fixed point of some [x] q only if it is congruent to 0 or 1 (mod p). 
p−2 (x)| = 1 for finitely many residue classesx.
Since g(x, q) = 0, by Series B we have
by Proposition 5, and |A
(1)
, and so v(a p−2 ) = (p − 2)m 0 − 1 is the unique minimum value of all of the coefficients. We conclude that |g (x , q) 
Thus for all but finitely many residue classesx, we have A 
r (X(X−1)) r−1 (mod p), the product rule shows that when r > 1, A
We conclude at any rate that |g(x , q)| < |x − x| when (m 0 = 1/(p − 2)) and |A
that g(x , q) = 0 ifx =x; i.e., the multiplicity ofx in M q is one. Conversely, suppose that x ∈ M q andx has multiplicity one in M q . We have already seen that |A 
for all x ∈ B(x, 1), and it follows from the above that |A , q) ) > 0, and we
, and now it is easy to see that 
By the binomial theorem, is a factor of each (u + ) n − u n , and so
We show that there exists an 
We see at once that only the n = 0 and n = p − 2 terms in the right parentheses have value m 0 = v(q − 1). Since c 1 (0, q) = 0, it suffices to show that 
, and the Newton polygon shows that there exists an x ∈ B(0, 1) ∩ M q , as desired.
Next, supposex = 1. Then again m 0 = 1/(p − 2) by Proposition 5 and |A p−2 (x)| = 1. Again we may assume x = 1, since 1 ∈ B(x, 1), and the proof that B(x, 1)∩M q is nonempty is exactly like thex = 0 case. We reduce immediately to showing
, and the verification is routine. It follows that x ∈ B(1, 1) ∩ M q exists, as desired.
We have shown that for each (x, q) ∈ M and q ∈ B(q, |q − 1|), there exists an
is onto. This completes the proof.
Remark. If the multiplicity of the residuex in M q is not equal to one, then by Proposition 5 and Theorem 6, its multiplicity is two, Card(M q ) = p−3, |A p−2 (x)| = 1, and |A p−2 (x )| < 1 for each x ∈ B(x, 1), and each residuex has multiplicity two in M Q(x ) . We leave aside the problem of proving the existence of such points, and more especially of proving the existence of nontrivial fixed points x of multiplicity two (in M q ). Of course, if p = 3, there is no issue.
We next restrict Theorem 6 to the ordinary p-adic integers, which served as the initial motivation for this investigation.
The elements x ∈ Z 3 that are nontrivial fixed points for some [X] q form the union φ 1 (M (Z 3 )) = B(1, 1) ∪ B(0, 1) , and we have an analytic bijection
Proof. By Proposition 3, M = ∅ if and only if 1/(p−1) < v(q−1) ≤ 1/(p−2), so we have the first statement. Assume p = 3. By Proposition 4, φ 1 (M ) ∩ Z 3 = {x ∈ Z 3 : x = 2 (mod 3)}, and by Proposition 3, φ 2 (M ) ∩ Z 3 = {q − 1 : |q − 1| = 3 −1 }. Since the Weierstrass polynomial for Series B has degree one, we see that x ∈ Z 3 if and only if Q(x) = q ∈ Z 3 , so these sets are φ 1 (M (Z 3 )) and φ 2 (M (Z 3 )), respectively. Locally the map Q(X) takes B(x, 1) onto B(q, 3
−1 ) and is a contraction by 1/3, by Theorem 6. By sheer luck we find the nontrivial fixed point x = −1/2 for q = 4, and since −1/2 has residue 1, we conclude that Q(X) takes B(1, 1) onto B(4, 3 −1 ) and B(0, 1) onto B(7, 3 −1 ).
Remark. Using the 3-adic Weierstrass preparation theorem together with Series A one can approximate the nontrivial fixed point of [X] q for any q ∈ B(4, 3 −1 ) (or q ∈ B(7, 3 −1 )) to arbitrary accuracy, and conversely using Series B one can approximate the value q for which any x ∈ B(1, 1) (or x ∈ B(0, 1)) is a fixed point for [X] q . For example, we find that x = 0 is a nontrivial fixed point for [X] q , where q ≈ 1 + 2 · 3 + 3 2 + 2 · 3 3 + 3 6 + 2 · 3 7 .
The fixed points of the maps [X] q (mod 3 n ) : Z/3 n → Z/3 n for q such that |q − 1| = 3 −1 exhibit a remarkable, seemingly erratic pattern that is nevertheless completely governed by the unique nontrivial fixed point x ∈ Z 3 . For example, it can be shown that if n > 2v(x(x − 1)) + 1, then there are 2 · 3 v(x(x−1))+1 + 3 fixed points, and otherwise there are 3 n− n/2 ] + 3. As was pointed out earlier, the nontrivial 3-adic fixed point for [X] 
